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EXTREMAL SEQUENCES FOR THE BELLMAN FUNCTION OF 
THE DYADIC MAXIMAL OPERATOR 

ELEFTHERIOS N. NIKOLIDAKIS 

Abstract: We give a characterization of the extremal sequences for the Bellman func- 
tion of the dyadic maximal operator. In fact we prove that they behave approximately 
like eigenfunctions of this operator for a specific eigenvalue. 

1. Introduction 
The dyadic maximal operator on W 1 is defined by 

(1.1) M(f>(x) = sup | T— y / \4>(u)\du : x E Q, Q C M n is a dyadic cube 



for every <f> € Lj- (R n ) where | • | is the Lesbesgue measure on W 1 and the dyadic cubes 
are those formed by the grids 2 N Z n , N = 0, 1, 2, . . . . 

As it is well known it satisfies the following weak type (1,1) inequality: 

C\ 
OO 

A J{M d <f»\} 

q | for every G L 1 (M n ) and A > 0. 

From (JO]) it is easy to prove the following L p -inequality 



(1.2) \{x el" : M d <t>{x) > X}\ < i / |0(n)|^ 



(i-3) < -^yllvllp, 

for every p > 1 and </> € L p (M n ). 

It is easy to see that (|1.2p is best possible, while (|1.3p is sharp as it can be seen in 
[TO] . (See [T] and [2] for general martingales). 

One way of studying the dyadic maximal operator is to find certain refinements of 
inequalities satisfied by it such as (jl.2p and (jl.3p . Certain refinements of (jl.2p have 
been done in [5], [6] and [7]. Refinements of (II. 3p have been given in [3] or even more 
general in [4j. 

In studying (|1.3p an interesting function has been introduced which is the following 

(MAY ■ 4> > 0, AoW = /, Av Q m = F 



(1.4) B?(/ , F )= sup {i/ 



where Q is a fixed dyadic cube in M n , and € L V {Q) 

Av Q (h) = J \h(y)\du. 

This is the Bellman function of two variables associated to the dyadic maximal operator. 

l 
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The function given in (jl.4p has been explicitly computed. Actually this is done in a 
much more general setting of a non-atomic probability measure space (X, p) where the 
dyadic sets are now given in a family of sets T (called tree) , which satisfies conditions 
similar to those that are satisfied by the dyadic cubes on [0, l] n . Then the associated 
dyadic maximal operator M.j is defined by 

(1.5) M T <t>(x) =sup|^y^|0|d/i:xG/Grj, 
for (\> G L l (X,p). 

Then the Bellman function of two variables for p > 1 associated to Mj- is given by 

(1.6) B p (f,F) = S np^JjM T ^ p dfi:4>>0, J <f>dp = f, jfVd/i = A 
where < f p < F. 

In [3] CLU) has been found to be equal to B p (f, F) = Fu p (fP/F)P where oo p : [0, 1] — > 

by H p (z) = 



1, P 



is the inverse function H 1 of H p defined for z G 



P 



p-1 



p-1. 
-(p- l)z p + pz p ~ l . 

Recently L. Slavin and A. Stokolos [9], linked the Bellman function computation to 
solving certain PDEs of the Monge-Ampere type, and in this way they obtained an 
alternative proof of the results in [3] . 

In this paper we study those sequences of functions ((f) n ) n that are extremal for the 
Bellman function fjl .6|) . That is 4> n : (X, p) — > M + must satisfy 

f 4>ndfi = f, I 4? n dp = F and lim f {M T ^n) p dii = Foj p {f/Ff. 
Jx Jx n Jx 

In [8] it is proved that every such extremal sequence must satisfy a self similar property, 
namely that for every / G T we have that 

(1.7) lim— ]— [ 4> n dfi = f and lim — -r [ (jP n dp 1 = F, 

n K 1 ) Ji vi 1 ) Ji 

This gives as an immediate result that extremal functions do not exist for the Bellman 
function. The core of this paper is the following: We prove a characterization of these 
extremal sequences of functions. In fact we prove 

Theorem:Let((/> n ) n be such that J x (f> n dp = f and f x 4> P l dp = F Then it is extremal 

for (Oil , if and only if lim / \M r K - c(f> n \ p dp = 0, for c = uj p {P/F). □ 

n Jx 

We end this section with the following question. 

We ask if there is essentially unique extremal sequence for (jl.6p . By this we mean 

the following: Does lim / \<f> n — g n \ p dp = whenever {4> n ) n and {g n )n are extremal 
n Jx 

sequences for (|1.6p ?We hope to answer to this question in the near future. 
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2. Preliminaries 

Let (X, n) be a non-atomic probability measure space. We give the following from 

Definition 2.1. A set T of measurable subsets of X will be called a tree if the following 
are satisfied 

i) X € T and for every I S T , (J-(I) > 0. 

ii) For every I E T there corresponds a finite or countable subset C(I) of T con- 
taining at least two elements such that 

a) the elements of C(I) are pairwise disjoint subsets of I 

b) / = UC(J). 

iii) T= U T{m), where Tt ) = i x ) and T( m+1 ) = \J l£T C{I). 

iv) The following holds 

lim sup = 0. 

r (m) 



□ 



We state now the following lemma given in [3]. 



Lemma 2.1. For every I € T and every a G (0, 1) there exists a subfamily J- (I) C 7~ 
consisting of pairwise disjoint subsets of I such that 



( U J ) = E /*07) = (i-<OmOO- 



□ 



Now given a tree T we define the maximal operator associated to it as follows 

Mr<P(x) = supj^jy J \<j>\dn : x e I e t\, for every <p G ^(X,^). 

From [3] we recall the following 
Theorem 2.1. The following holds: 

sup UMrWdn : > 0, J <f>dn = f, <j?dn = F }= Fu> p (jP/Fy, 

for every f, F such that < f v < F. □ 

At last we give the following 

Definition 2.2. Let (4> n ) n be a sequence of ' ^-measurable nonnegative functions defined 
on X, p > 1 and < f p < F. Then {<p n )n is called (p, f, F) extremal or simply extremal 
if the following hold: 

[ <f> n dn = f, [ ftdfi = F and lim f (M T <Pn) p dfi = Fu p (f p /F) p . 
Jx Jx n Jx 

□ 
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3. Characterization of the extremal sequences 

For the proof of the Theorem 12. II an effective linearization for the operator Mj- was 
introduced valid for certain functions <j). We describe it. 

For cf) G L X (X, fi) nonnegative function and / G T we define Avi{<p) = —rjz Jj (fidfi. 
We will say that (f) is T-good if the set 

Atj, = {x G X : Mt4>( x ) > Avi(<f>) for all I G T such that x £ 1} 

has /^-measure zero. 

Let now (p be T-good and x G X \ A^. 

We define I<p{x) to be the largest in the nonempty set 

{/ G T : x e I and Mr<P{x) = Avi{4>)}. 

Now given / G T let 

A((j), J) = {i £ I \ Acf, : J^,(aj) = J} C J and 

^ = {/ G T : /i /)) > 0} U {X}. 
Obviously, Mt<P = S Avi (4>)Ja(4> j)> M~ a - e - where Je is the characteristic function 
of E. 

We define also the following correspondence I — > J* by: /* is the smallest element 
of {J G : JC J}. It is defined for every I € except X. It is obvious that the 

A(4>, I)'s are pairwise disjoint and that //( U (4(0,/)) = 0, so that |J A(cj),I)^X, 

V J05^ y leS,/, 

where by A ~ B we mean that //(^4 \ B) = \x{B \ A) = 0. 

Now the following is true, obtained by [3]. 

Lemma 3.1. Let <j) be T-good 

i) // /, J G f/ien eii/ier A(0, J) n I = or J C I. 

ii) If I E Sff, then there exists J G C(I) suc/i i/iai J ^ S^. 

iii) For every I £ we have that 

J« (J A(0,J). 

JCJ 

iv) For every I G we Ziaue t/iat 

.4(0, 1) = J \ (J J, so i/iai 

M (A(0,I)) =/.(/)- ^ M (J). 

J*=/ □ 
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From the above we see that 



tt, JA(6,J) 



J£S^ 
JCI 



I S St/,, we define also 

Xi = a j v I (pdfi, fori £ S^, where a/ = /j,(A((j), I)). 
J A{(j>,I) 

We prove now the following 

Theorem 3.1. Let 4> be T-good function such that J cpdfi = f. Let also B = {Ij} be a 

x 

family of pairwise disjoint elements of S^, which is maximal on Sa, under C relation. 
That is if I € then I n (Ulj) ^ 0. (For example B = 7(i) satisfies this property). 
Then the following inequality holds: 

f p -EKij)y p i 

j j 

for every {3 > 0, where y%. = Av^ ((/)). 

Proof. We follow [3]. 
We have that 

(3.1) / <t?= J2 I 

JX^UIi /Dpiccc( S ) J A(M 

where by writing / D piece(-B) we mean that L D Lj for some j. Of course (|3.ip is true 
since X \ [Jlj ~ IJ A(<j>, L) in view of the maximality of B and Lemma 13. 11 

IDpicce(B) 

Now from ()3.ip we have by Holder's inequality that 



(3.2) 



f §d\i 

MM 



p-i 

j j /es /es^ a I 

3 7Dpiece(S) I^piece(B) 

Now, it is true that 



M-Oz// = K J )VJ + / <t>dn, for every IeS 1 , 
77Z JA{4>,I) 



j*=i 



So by using Holder's inequality in the form 



< — — -r H — tt H 1 r , we have 



(<n + • • • + o- m y-^ - o-p- 1 o-p- 1 a p-^ ' 
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* p > E — r- 

ZDpicce(B) \ J*=J 

I W)yiY sr MJ)yj)' 



(3-3) > E S^"E 



JI)piccc(B) 



where tj = (/3 + 1) - Ppi, pi = (3 > 0. 

So by (|3.3p we have because of the maximality of B that: 

M E f#"E^r. 

- 1 /Dpiece(S) 

where the summation in (*) is extended to: 

(a) I € S^: I D piece(-B) with I ^ X, or (b)I E 5^ is a piece of B (I = Ij, for some 

3)- 

So we can write: 



1 / 1 



I £ S4, 1 
I±X 
I 3 piece(_B) 

It is true now that 

(Art 1 1 ^(p-l)/3a 



for any x € [0, 1]. 
Then (13.51) becomes 



I D piece(B) 



(p-l)£ _ 

(/3 + l) p 4 7 

iOpiccc(-B) 
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But Yl a iV V i = Yl (■ y ^T ( A) p ^) so i n view of (|3.6p we must have that 

IDpicce(B) 

for every /3 > 0, and the proof of the theorem is now complete. □ 

In the same lines as above we can prove: 

Theorem 3.2. Let <p be T-good and A = {Ij} be a pairwise disjoint family of elements 
of Sri . Then for every (3 > we have that: 



We have now the following: 

Corollary 3.1. <p be a T-good and A = {Ij} be a pairwise disjoint family of elements 
of S(j, . Then for every /3 > 

L,, **** 2 VTW* + WTW L w , {MTm ^ 

j j 

where f = j (f>dfj,. 
x 

Proof. Obvious, since there exist families B,T of pairwise disjoint elements of 
with B as in the statement of Theorem 13-H and B = {Jlp T = |J Jj with (J I'- = 

3 i j 



J 



U Ij 1 U ( (J Ji J with the additional property that Ij disjoint to Ji for every j. 



i. 



Applying Theorem 13.11 for B and 13.21 for T we obtain Corollary 13.11 □ 

We have now the following 

Theorem 3.3. Let (6 n ) n an extremal sequence consisting of T-good functions. Con- 
sider for every n € N a pairwise disjoint family A n = {I™} of elements of S^ n such 
that the following limit exists 

lim V] fj,(I)y P j where y In = Av I (y n ), I € A n . 



Then 



lim / (M(f> n ) p dfi = u; p (fP/F)P]im <P p n d^ 
n JuAn n JuAn 



meaning that if one of the limits on the above relation exists then the other also does 
and we have the stated equality. 
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Proof. In view of Theorem 13.21 and Corollary 13.11 we have that for every n G N 



or every /3 > and n G N. 

Summing relations (|3.8p and (|3.9p for every n G N we obtain 



(3.10) F = £ > + |^ £(AW<M, 

Since (^ n ) ra is extremal we have equality in the limit in ()3.10j) for (3 = co p (f p /F) — 1 
(see m)- 

So we must have equality on (13, 8p and (13. 9p in the limit for this value of /3. 
Suppose now that h n = Yl M(-0z/j n an d that h n ^ h (]3.9[) now can be written in 

the form 

(3.H) ^ (MrKYdn <{! + -) 



J n ""a 

UAn 



P — 1 



(see [3], relations (4.24) and (4.25)), for every /3 > The right hand side of (|3.1ip . 
n G N, is minimized for (5 = f3 n = u p ( h n / J <pn J — 1. 

Since, we have equality in the limit in (13. lip we must have that 

h f p 

(3-12) Um " = J -, 

n J (p'ndu F 
UA n 

Thus (I3T21) and (jBTTTj) now give 

lim / (MrtnTdn = oj p (f p I 'Ff lim / f n 

JuA n 71 J UA n 

in the sense stated above. □ 

The theorem just proved is the core for proving the characterization we need for each 
extremal sequence. We just need some Lemmas that we are going to state and prove 
below. 

We give now some notation. 

Let (ft be T-good. For each I G S<j, we consider the set Aj = A(4>, I) is a union 
of elements of 7", because of the definition of tree T and Lemma 13.11 iv) . Using now 
Lemma 12.11 we construct for each a G (0, 1) a pairwise disjoint family A^ of elements 
of T and subset 

(3.13) ]T M (J) = a^(Aj). 
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We define the following function : X — > M + in the following way. For each / G 
we define: 

(3U) 94>-=4, on UA^ 

:=0, on Aj\UA{ 

such that 

Iaj 9^dfi = c^jf = J <j>dn and j 
(3-15) ,^/ I f >, where jf = //(UAj) = a/i(Aj). 

Ai Ai ) 

It is easy to see that such chases of 7^ and cf, for every I £ S p are possible. 
In fact (|3.15p give 

V(p-i) 



J" </>cZ/x 



< fJL(Aj), by Holder's inequality 



so we just need to set 



V(p-i) 



Then, if ^4^ is such that f)3. 13j) is satisfied for this a, by setting = afi(Aj) and 

cf = Al , — , we have that f|3. 15[) are valid. 

7/ 

Since (J Aj ^ X , g^ is well defined on X. 

It is obvious that f (f>d[i = f and f g^dfj, = F It is easy also to see that for every 

x x 

I £ S<f, it holds 

/i({<? = 0} n A T ) > = 0} n Aj) 

Therefore byEJ ^ = 0}) < ^({^ = 0}). 

Let now (4> n )n be an extremal sequence consisting of T-good functions and let g n = 
9<p n ■ We prove now the following 

Lemma 3.2. For an extremal {4> n )n sequence of T-good functions we have that lim n ({</> n 
0}) = 0. 

Proof. Fix n € N and let (j) = (fi n and g^ = g^ and 5 = 5^ the respective subtree of 



We consider two cases: 
i) P > 2 

/ (fPdn 

Ai 

We set Pi = , for every I G S<t 

ai 
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We obviously have Y a iPi = F, we consider now the sum = Y liPli where 



ieS, 

7/ = 7^ as above. Then 



I 

r * = E 



ai 



E^=E- 2 "' 



ai 



ICS* 



E 



p-i 



/ 



From the first inequality in (4.20) in [3J, and since cj) n is extremal we have that the last 
sum in the last inequality tends to F, as <j) moves along (<p n ) n . We then write 



(3.16) 



E v p i ~ F 

ies p 



since 2L, < -F. Consider now for every R > and every the following set 

S^H = U{^/ = 1) : I E S+, Pi < R}. 
For every I E such that Pi < R we have that J (f) p < Rai. Summing for all such / 
we obtain 

(3.17) f <P P < RKS^r)- 

Additionally we have that 



(3.18) 



(3.19) 



E a i p i 



<j?dfi, and 



<b.R 



E n p i ^ E a ^ p ^ ^ / 



0Pd/i. 



Pr<R. 



Pt<R 



From (|3.15p and (|3. 19[) we have that 



(3.20) 



lim sup 



E ^ - F 



< lim / cff, 



where we have supposed that the last limit exists (we just pass to a subsequence of 
(4> n )n- From (|3.18p and ()3.20p we conclude that 



(3.21) 



lim sup ( a l ~ li)Pi < 2 lim / 
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But using Theorem 13.31 we know that 



lim / (M T <P) P dn = 0J p (f p /F) p lim [ <ff, 

& JK^ ' <t> JK<j> 

whenever the limits exist, where is a union of pairwise disjoint elements of S^. (The 
conditions of Theorem 13.31 are satisfied because of the boundedness of the sequences 
mentioned there). 

Now for a fixed R > 0, is a union of sets of the form Ai, for certain / G S^. 
Each Aj can be written in view of Lemma [3. II as Aj = J\ |J J. Using then a diagonal 

argument and passing if necessary to a subsequence we can suppose that 
(3.22) lim/ (M T ^) P dfi = 0J p (f p /F) p lim f <f) p , 



of course M.-j-<p(t) > /, for every t £ X, so that 



(3.23) lim/ (M r 0) p ^> (limsup^(^))/ p , 



and because of (|3.17p we have that 



(3.24) lim (jfdfi^ lim supR^S^r), 

^ JS^R <$> 



for any R > 0. Thus, from the last two relations (in view of (|3.22p ) we obtain that 



(3.25) r(hmsupM^)) < Rw p {f p /F) p • (limsup^(^)), 

4> 4> 



so by choosing R > suitable small depending only on /, F we have that 



(3.26) lim sup/i (5^ r) = 0. 



Using now (|3.21|) and (|3.24p we obtain, for this R: 



Rlim sup V (a/ - 7/) < 2 lim / <^ < 2i? lim /i(5^ fl ) = 

* 1^ * ■As*,* <t> 

Pj>R 



Thus 



(3.27) lim V (a 7 - 77) = 0. 

(b * — J 

Pj>R 
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Since now Yl a i = 1> M^V-fi) = S a / we easily obtain from (|3.27p that: 



lim 



1 - M%r) - Yl 



71 



lim 7j = 1, which gives of course: 

p 7 >fl 

lim (a/ — 7/) = 0. But then we have that 

M({0 = 0}) < /u({^ = 0}) = ^ (a, - 77) 0, 

Lemma 3.1 is proved in case where p > 2. 

ii) The case 1 < p < 2 is treated in the same way: 
IP 

Here we define Pj = — — j- and prove in the same manner that 

lim £ (oT 1 " tTV' = 0. 

Using then the inequality x q — y q > q(x — y), for 1 > x > y and < q < 1, we conclude 
that: 

lim N (a/ — 7/) = 0, that is 
<t> — J 

lim \i{\g<$, = 0}) = 0, and so 



lim/i({0 = 0}) = 0, 



and Lemma l3.1l is proved. 



□ 



Suppose now that {4> n )n is extremal. We remind that for every </> G {4> n , n = 1> 2, . . .} 
we have defined g& : X — > M + by the following 

: = 0, te(A/ \ UAj), J G 5"^ with 
7/ = 7 ? = and V{{94> = 0}) = E " 7/) °- 

a/ = p(Af), where ^4/ = A(</>, 1). 

So, if we define g'^ : x — > M + by g'^t) = , t £ Aj for I £ S<f, we easily see that: 

lim / g'^dfi = /, lim / (gL) p dfj, = F and 
<t> Jx * Jx 
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(3.28) lim / 



•/ IP 



d/j, = 0. 



Additionally because of / g$d\x = j <\>d\i, I € £*</, and / « |J A(^>, J) we have that 

JCJ 

for every I £ S$ 

(3.29) = Avj($. 

From (1339]) we have that M T g<t> > M r 4> on X ^ lim J (M T g^) p dfi = Fu p (f p /F) p , 

x 

in view of f)3. 15j) and Theorem 12.11 

Since J g$d\x = f, J (g^dfj, = F we have that (g^)^ is an extremal sequence. 
x x 
Suppose now that we have proven the following 



(3.30) lim / U - ffldn = 0, 

* Jx 

and that 

(3.31) lim/ \Mrg<t> — cg<j>\ v dn = 0, for c = uj p (f p /F) 

^ Jx 

then because of (|3.28|) we would have that 

lim / \<f,-g^d/i = i W ) 
<i> Jx 

lim / \M T (t>-c(j)\ p dn = 
<t> Jx 

that is what we wanted to prove. We proceed to the proof of (|3.30p and (|3.3ip . 

Proof of (|3.31j) . We consider now the sequence (<?</,)</,. 

We remind that c = co p (f p /F). Applying Theorem 13.31 we have that if Aa is pairwise 
disjoint family of sets in S g<t> , for every eft, then 

(3.32) lim/ {M T g^) p dn = c?Ymx I g p ,dfi, 

<t> JA^ <t> Ja^ 

under the hypothesis that the above limits exist. 

We set for each (j), A^ = {t € X : Mrg^it) > cg^t)}. 

We consider now for every / E Sa the set Aa n Aj . Since gA is either cf or on A\ 
and Mr4>{t) > f > 0, V t e X we conclude that AaCi A/ = A t or Aa n Ai = Ai \ UA^. 

We remind that £ (a/ - 7/ ) -A or X] \ U^f ) A 0. 

Since |J A; ~ I we have that 

^ = ( |J Ai) U where /x(^) A 

and 5*i is a subset of the subtree Sa. 
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According to the same reasons mentioned before we have, by passing if necessary to 
a subsequence, that 

lim/ (Mrd>) p du = uJ f p /F) p -]im I dT, so since 



6 I uA 

ies 



(M T ct*Tdv = u; p (F/Fr -lim / 
i <P J UA i 



/i(^) 0:lim / (M T (f>) P d^ = u Jp (f p /F) p lim / 

Because of (|3,15p . the consequence that Avi(4>) = ■^vj(g ( j ) ), for every / € and Lemma 
13.11 hi), we obtain that (passing again to a subsequence if necessary) 

(3.33) lim / {Mr9^) p d^>uj p {f p /Ff lim / ^. 
In the same way we have that 

(3.34) lim / {M T g*fdn > uj p (f p /F) p lim / g p dfi. 

Adding the last two relations one obtain lim / (A4-j-(j)) p dfi > uj p (f p /F) p F, which is in 



x 



fact equality since g^ is an extremal sequence. 

So, we must have equality in both f|3.33j) and f|3.34|) . Since M.t94> > u v {f p jF)g§ on 
A^, we obtain easily from the above relations that 



lim / \Mrg<f> - cg^dn = 0. 
<t> Jx 



which is <K3T\i . 

We now proceed to the second proof 

Proof of (|3730|) . We prove that lim J \g'^ - 0| p d/x = 0. 

x 

We just need to prove that 

(3.35) lim / W - {g'^YW = 0. 

Then since 

lim / [<f- (g'^TW = I™ / [(^f - <f?\, and p > 1 

we are finished, in view of the inequality (x — y) p < x p — y p , for < y < x and p > 1. 
We use the inequality 

i p 1 11 

(3.36) t < 1 — , for every t > where p, q > 1 such that — I — = 1, 

P 9 P Q 

We set 

4!i = {^<^}n^,J) 
4 2 i = {^<^}n^,/). 



EXTREMAL SEQUENCES FOR THE BELLMAN FUNCTION OF THE DYADIC MAXIMAL OPERATOR 



Because of (|3.36p we have that if cj^ > 

1 11 1 

4>(x) < — ~—(j) p {x) H — , for every x G Aj = A(4>,I). 

Integrating over and Aj X we have that 

c /,</> JAy^ pc i,4> jA i,4, q 

which gives 

i,p 1 



Note that the last inequality is satisfied even if c/^ = 0. Summing the above for / G 
we obtain 

(3-37) E<T// ^P<^M, 

for j = 1, 2 =>■ (by adding the above to inequalities) 

(3.38) £ 4^ / < ^+ J E MW, J))^. 

The left hand side of (|3.38p is equal to 



5^ c ?,/( c /.*7j) = E 7 fe = / 



A 

while the right hand side is equal to — i 7 H — J (g',) p dfi. In the limit we have equality 

P 9a 

on (|3.38|) . because of (|3.28p . This gives equality on (|3,37p in the limit. This is 



(3.39) / ^r 1 ^-/ ^dfi + - [ gPdfi. 

J {9'^} P J {&<<!>} « 



We set 



But 



Vp / „ \ Vp 



which gives because of (I3.36P 



I ^{g'sf^dli < • S? -1 , so §M gives: 



p 9 q v <f> 9 
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Since now in (|3.36[) we have equality only for t > 1, and t^, are bounded we conclude 
that 



<t> 



1, so f r 5jAo^ f W - (g'^fW 0, 



that is (|3.35p . We have just proved the following 

Theorem 3.4. Let (4> n ) n be a sequence of T-good functions such that j x 4> n dfi = f 
and J x <$xdn = F .Then {<p n ) n is extremal if and only if 



lim / \JV[q-<j) n — c<p n \ p dfJL = 0, where c = uj p {f p /F). 
n Jx 



□ 



At last we mention that since T-good functions include T-step functions, in the case 
of R n , where the Bellman function is given by (|1.4|) for a fixed dyadic cube Q, we obtain 
the result in Theorem 3.4 for every sequence of Lesbesque measurable functions ((j> n )n- 
In general in all interesting cases we do not need the hypothesis for <p n to be T-good 
since T-simple functions are dense on L p (X,/i). 
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